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Abstract
In this article, the 2-iterated q-Appell family is introduced. Certain 2-iterated q-Appell and
mixed type q-special polynomials are considered as members of this family. The numbers
related to these polynomials are obtained. The determinant definitions for the 2-iterated
q-Appell family and for the 2-iterated and mixed type q-Appell polynomials are established.
The graphs of some 2-iterated q-Appell and mixed type q-Appell polynomials are drawn for
different values of indices and the roots of these polynomials are also investigated for certain
values of index n by using Matlab. Finally, the approximate solutions of the real zeros of
these polynomials are given.
Keywords: q-Appell polynomials; 2-iterated q-Appell polynomials; q-Bernoulli polynomials;
q-Euler polynomials.
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1 Introduction and preliminaries
The area of q-calculus has in the last twenty years served as a bridge between mathematics and
physics. Recently, there is a significant increase of activities in the area of q-calculus due to its
applications in various fields such as mechanics, mathematics and physics. The definitions and
notations of q-calculus reviewed here are taken from [3].
The q-analogue of the shifted factorial (a)n is defined by
(a; q)0 = 1, (a; q)n =
n−1∏
m=0
(1− qma), n ∈ N. (1.1)
The q-analogues of a complex number a and of the factorial function are defined by
[a]q =
1− qa
1− q
, q ∈ C− {1}; a ∈ C, (1.2)
[n]q! =
n∏
m=1
[m]q = [1]q[2]q · · · [n]q =
(q; q)n
(1− q)n
, q 6= 1; n ∈ N, [0]q! = 1, q ∈ C; 0 < q < 1. (1.3)
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The Gauss q-binomial coefficient
[n
k
]
q
is defined by
[
n
k
]
q
=
[n]q!
[k]q![n− k]q!
=
(q; q)n
(q; q)k(q; q)n−k
, k = 0, 1, . . . , n. (1.4)
The q-exponential function is defined as:
eq(x) =
∞∑
n=0
xn
[n]q!
, 0 < |q| < 1. (1.5)
The q-derivative Dqf of a function f at a point 0 6= z ∈ C is defined as:
Dqf(z) =
f(qz)− f(z)
qz − z
, 0 < |q| < 1. (1.6)
The q-analogue of Taylor series expansion of an arbitrary function f(z) for 0 < q < 1 is
defined as:
f(z) =
∞∑
n=0
(1− q)n
(q; q)n
Dnq f(a)(z − a)
n
q , (1.7)
where Dnq f(a) is the n
th q-derivative of the function f at point a.
The class of Appell polynomials is characterized completely by Appell [4] in 1880. In
1954, Sharma and Chak [13] introduced a q-analogue for the family of Appell polynomials and
called this sequence of polynomials as q-harmonic. Further, in 1967 Al-Salaam [1] introduced
the family of q-Appell polynomials {An,q(x)}n≥0 and studied some of its properties. The n-
degree polynomials An,q(x) are called q-Appell provided they satisfy the following q-differential
equation:
Dq,x {An,q(x)} = [n]q An−1,q(x), n = 0, 1, 2, . . . ; q ∈ C; 0 < q < 1. (1.8)
The q-Appell polynomials An,q(x) are also defined by means of the following generating
function [1]:
Aq(t)eq(xt) =
∞∑
n=0
An,q(x)
tn
[n]q!
, 0 < q < 1, (1.9)
where
Aq(t) :=
∞∑
n=0
An,q
tn
[n]q!
, A0,q = 1; Aq(t) 6= 0. (1.10)
It is to be noted that Aq(t) is an analytic function at t = 0 and
An,q := An,q(0) (1.11)
are the q-Appell numbers. Also, there exists a sequence of numbers {An,q}n≥0, such that the
sequence An,q(x) satisfies the following relation [1]:
An,q(x) = An,q +
[
n
1
]
q
An−1,q x+
[
n
2
]
q
An−2,q x
2 + · · ·+A0,q x
n, n = 0, 1, 2, . . . . (1.12)
2
Based on appropriate selection for the function Aq(t), different members belonging to the
family of q-Appell polynomials can be obtained. These members are listed in Table 1.
Table 1. Certain members belonging to the q-Appell family
S. Name of the Aq(t) Generating function Series definition
No. q-special
polynomials and
related numbers
I. q-Bernoulli
(
t
eq(t)−1
) (
t
eq(t)−1
)
eq(xt) =
∞∑
n=0
Bn,q(x)
tn
[n]q!
Bn,q(x) =
n∑
k=0
[
n
k
]
q
Bk,qx
n−k
polynomials
(
t
eq(t)−1
)
=
∞∑
n=0
Bn,q
tn
[n]q!
and numbers Bn,q := Bn,q(0)
[2, 5]
II. q-Euler
(
2
eq(t)+1
) (
2
eq(t)+1
)
eq(xt) =
∞∑
n=0
En,q(x)
tn
[n]q!
En,q(x) =
n∑
k=0
[
n
k
]
q
Ek,qx
n−k
polynomials
(
2
eq(t)+1
)
=
∞∑
n=0
En,q
tn
[n]q!
and numbers En,q := En,q(0)
[5, 8]
III. q-Genocchi
(
2t
eq(t)+1
) (
2t
eq(t)+1
)
eq(xt) =
∞∑
n=0
Gn,q(x)
tn
[n]q!
Gn,q(x) =
n∑
k=0
[
n
k
]
q
Gk,qx
n−k
polynomials
(
2t
eq(t)+1
)
=
∞∑
n=0
Gn,q
tn
[n]q!
and numbers Gn,q := Gn,q(0)
[7, 8]
Al-Salaam showed that the class of all q-Appell polynomials is a maximal commutative
subgroup of the group of all polynomial sets, i.e. the class of all q-Appell sequences is closed
under the operation of q-umbral composition of polynomial sequences.
If An,q(x) =
n∑
k=0
an,k;q x
k and Bn,q(x) =
n∑
k=0
bn,k;q x
k are sequences of q-polynomials, then
the q-umbral composition of An,q(x) with Bn,q(x) is defined to be the sequence
(An,q ◦Bq)(x) =
n∑
k=0
an,k;q Bk,q(x) =
∑
0≤k≤l≤n
an,k;qbk,l;qx
l. (1.13)
Under this operation the set of all q-Appell sequences is an abelian group and it can be
seen by considering the fact that every q-Appell sequence is of the form
An,q(x) =
(
∞∑
k=0
ak,q
[k]q!
Dkq
)
xn (1.14)
and that the umbral composition of q-Appell sequences corresponds to multiplication of these
formal q-power series in the operator Dq.
In 1982, Srivastava [14] gave several characterizations for the well known Appell polyno-
mials and for their basic analogues: the q-Appell polynomials. In 1985, Roman proposed an
approach similar to the umbral approach under the area of nonclassical umbral calculus which
is called q-umbral calculus [9, 10]. The q-Appell polynomials are studied using determinantal
and umbral approaches, see for example [6, 7]. Obtaining determinant forms for the q-Appell
polynomials and their members is an important aspect of such study. The determinant forms
can be helpful for computation purposes and can also be useful in finding the solutions of
general linear interpolation problems.
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In this article, a family of the 2-iterated q-Appell polynomials is introduced. The deter-
minant forms and other properties of this family and also for certain members belonging to
this family are established. In Section 2, the 2-iterated q-Appell polynomials are introduced
by means of generating function and series definition. Certain members belonging to the 2-
iterated q-Appell family and some mixed type q-special polynomials and related numbers are
also considered. In Section 3, the determinant forms of the 2-iterated and mixed type q-Appell
polynomials are derived. In Section, 4, the roots of the 2-iterated q-Appell and mixed type
q-Appell polynomials are investigated and their graphs are drawn for suitable values of indices.
2 2-iterated q-Appell polynomials
The 2-iterated q-Appell polynomials are introduced by means of generating function and series
definition. In order to introduce the 2IqAP, two different sets of q-Appell polynomials AIn,q(x)
and AIIn,q(x) are considered.
Thus, from definitions (1.9) and (1.10), it follows that
AIq(t)eq(xt) =
∞∑
n=0
AIn,q(x)
tn
[n]q!
, 0 < q < 1, (2.1)
where
AIq(t) :=
∞∑
n=0
AIn,q
tn
[n]q!
; AIn,q := A
I
n,q(0); A
I
0,q = 1; A
I
q(t) 6= 0 (2.2)
and
AIIq (t)eq(xt) =
∞∑
n=0
AIIn,q(x)
tn
[n]q!
, 0 < q < 1, (2.3)
where
AIIq (t) :=
∞∑
n=0
AIIn,q
tn
[n]q!
; AIIn,q := A
II
n,q(0); A
II
0,q = 1; A
II
q (t) 6= 0, (2.4)
respectively.
The generating function for the 2IqAP is derived by using a different approach based on
replacement techniques. For this, the following result is proved:
Theorem 2.1 The following generating function for the 2-iterated q-Appell polynomials holds
true:
Gq(x, t) := A
I
q(t)A
II
q (t)eq(xt) =
∞∑
n=0
A[2]n,q(x)
tn
[n]q!
, 0 < q < 1. (2.5)
Proof Expanding the q-exponential function eq(xt) in the l.h.s. of equation (2.1) and then replac-
ing the powers of x, i.e. x0, x1, x2, . . . , xn by the corresponding polynomials AII0,q(x), A
II
1,q(x),
. . . , AIIn,q(x) in l.h.s. and replacing x by the polynomial A
II
1,q(x) in the r.h.s. of the resultant
equation, it follows that
AIq(t)
[
1+AII1,q(x)
t
[1]q!
+AII2,q(x)
t2
[2]q !
+ . . .+AIIn,q(x)
tn
[n]q!
+ . . .
]
=
∞∑
n=0
AIn,q{A
II
1,q(x)}
tn
[n]q!
. (2.6)
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Summing up the series in l.h.s. and then using equation (2.3) and denoting the resultant
2IqAP in the r.h.s. by A
[2]
n,q(x), that is
A[2]n,q(x) = A
I
n,q{A
II
1,q(x)}, (2.7)
assertion (2.5) is proved.
Remark 2.1. The generating function (2.5) for the 2IqAP A
[2]
n,q(x) is derived by replacing
the powers of x by the polynomials AIIn,q(x) (n = 0, 1, . . .) in generating function (2.1) of
the q-Appell polynomials AIn,q(x). The replacements of the powers of x by the polynomials
AIn,q(x) (n = 0, 1, . . .) in generating function (2.3) of the q-Appell polynomials A
II
n,q(x), yields
the same generating function.
Remark 2.2. It is important to remark that equation (2.7) is the operational correspondence
between the 2IqAP A
[2]
n,q(x) and q-Appell polynomials An,q(x).
Theorem 2.2 The following series definition for the 2-iterated q-Appell polynomials A
[2]
n,q(x)
holds true:
A[2]n,q(x) =
n∑
k=0
[
n
k
]
q
AIk,q A
II
n−k,q(x). (2.8)
Proof Using equations (2.2) and (2.3) in the l.h.s. of generating function (2.5) and then using
Cauchy-product rule in the l.h.s. of the resultant equation, such that
∞∑
n=0
n∑
k=0
[
n
k
]
q
AIk,q A
II
n−k,q(x)
tn
[n]q!
=
∞∑
n=0
A[2]n,q(x)
tn
[n]q!
. (2.9)
Equating the coefficients of same powers of t in both sides of equation (2.9), assertion (2.8)
follows.
Remark 2.3. In view of equations (1.14) and (1.15), it is remarked that the 2-iterated q-Appell
polynomials A
[2]
n,q(x) satisfy the following relation:
A[2]n,q(x) =
(
∞∑
k=0
AIk,q
[k]q!
Dkq
)
AIIn,q(x). (2.10)
Certain members belonging to the q-Appell family are given in Table 1. Since, correspond-
ing to each member belonging to the q-Appell family, there exists a new special polynomial
belonging to the 2-iterated q-Appell family. Thus, by making suitable choice for the functions
AIq(t) and A
II
q (t) in equations (2.5) and (2.8), the generating function and series definition
for the corresponding member belonging to the 2-iterated q-Appell family can be obtained.
These resultant 2-iterated q-Appell polynomials along with their notations, names, generating
functions and series definitions are given in Table 2.
5
Table 2. Certain members belonging to the 2-iterated q-Appell family
S. AIq(t) = A
II
q (t) Notation Generating function Series definition
No. and name
of the
resultant
2IqAP
I.
(
t
eq(t)−1
)
B
[2]
n,q(x):=
(
t
eq(t)−1
)2
eq(xt) =
∞∑
n=0
B
[2]
n,q(x)
tn
[n]q!
B
[2]
n,q(x) =
n∑
k=0
[
n
k
]
q
Bk,qBn−k,q(x)
2-iterated
q-Bernoulli
polynomials
(2IqBP)
II.
(
2
eq(t)+1
)
E
[2]
n,q(x):=
(
2
eq(t)+1
)2
eq(xt) =
∞∑
n=0
E
[2]
n,q(x)
tn
[n]q!
E
[2]
n,q(x) =
n∑
k=0
[
n
k
]
q
Ek,qEn−k,q(x)
2-iterated
q-Euler
polynomials
(2IqEP)
III.
(
2t
eq(t)+1
)
G
[2]
n,q(x):=
(
2t
eq(t)+1
)2
eq(xt) =
∞∑
n=0
G
[2]
n,q(x)
tn
[n]q!
G
[2]
n,q(x) =
n∑
k=0
[
n
k
]
q
Gk,qGn−k,q(x)
2-iterated
q-Genocchi
polynomials
(2IqGP)
The combinations of any two different members of the q-Appell family in the 2-iterated
q-Appell family, yields a new mixed type q-special polynomial. Thus, by making suitable
selections for the functions AIq(t) and A
II
q (t) in equations (2.5) and (2.8), the generating
function and series definition of the resultant mixed type q-special polynomials are obtained.
The possible combinations of the q-Bernoulli, q-Euler and q-Genocchi polynomials (Table
1 (I-III)) are considered. The resultant mixed type q-special polynomials along with their
notations, names, generating functions and series definitions are given in Table 3.
Table 3. Certain mixed type q-special polynomials
S. AIq(t); A
II
q (t) Notation Generating functions Series definitions
and
No. name
of the
mixed
type
q-special
polynomials
I.
(
t
eq(t)−1
)
; BEn,q(x) :=
2t
(eq(t)−1)(eq (t)+1)
eq(xt) =
∞∑
n=0
BEn,q(x)
tn
[n]q! B
En,q(x) =
n∑
k=0
[
n
k
]
q
Ek,qBn−k,q(x)(
2
eq(t)+1
)
q-Bernoulli-
Euler
polynomials
(qBEP)
II.
(
t
eq(t)−1
)
; BGn,q(x):=
2t2
(eq(t)−1)(eq (t)+1)
eq(xt) =
∞∑
n=0
BGn,q(x)
tn
[n]q! B
Gn,q(x) =
n∑
k=0
[
n
k
]
q
Gk,qBn−k,q(x)(
2t
eq(t)+1
)
q-Bernoulli-
Genocchi
polynomials
(qBGP)
III.
(
2
eq(t)+1
)
; EGn,q(x):=
(
2t1/2
eq(t)+1
)2
eq(xt) =
∞∑
n=0
EGn,q(x)
tn
[n]q! E
Gn,q(x) =
n∑
k=0
[
n
k
]
q
Gk,qEn−k,q(x)(
2t
eq(t)+1
)
q-Euler-
Genocchi
polynomials
(qEGP)
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Remark 2.4. From Remark 2.1 and Table 3, it follows that
BEn,q(x) ≡ EBn,q(x); BGn,q(x) ≡ GBn,q(x); EGn,q(x) ≡ GEn,q(x), (2.11)
where EBn,q(x), GBn,q(x) and GEn,q(x) are the q-Euler-Bernoulli polynomials (qEBP), q-
Genocchi-Bernoulli polynomials (qGBP) and q-Genocchi-Euler polynomials (qGEP). This is
due to the fact that the set of all q-Appell sequences is closed under the operation of q-umbral
composition of polynomial sequences and form an abelian group.
Next, the numbers related to the 2IqAP A
[2]
n,q(x) and also related to certain members of
this family given in Tables 2 and 3 are explored. As mentioned in definition (1.11), the q-Appell
numbers are the values of the polynomials An,q(x) at x = 0 and satisfy equation (1.12).
Taking x = 0 in equation (2.8), the following series definition for the 2-iterated q-Appell
numbers (2IqAN) A
[2]
n,q := A
[2]
n,q(0) is obtained
A[2]n,q =
n∑
k=0
[
n
k
]
q
AIk,qA
II
n−k,q, (2.12)
where AIn,q and A
(2)
n,q denote two different sets of q-Appell numbers.
Next, the numbers related to the 2IqBP B
[2]
n,q(x), 2IqEP E
[2]
n,q(x) and 2IqGP G
[2]
n,q(x) are
explored. Taking x = 0 in series definitions of 2IqBP B
[2]
n,q(x), 2IqEP E
[2]
n,q(x) and 2IqGP G
[2]
n,q(x)
given in Table 2 (I-III) and in view of notations given in Table 1, the 2-iterated q-Bernoulli,
q-Euler and q-Genocchi numbers are obtained. These numbers are given in Table 4.
Table 4. 2-iterated q-numbers
S.No. Notation and name of the 2-iterated q-number Series definition
I. B
[2]
n,q := B
[2]
n,q(0) B
[2]
n,q =
n∑
k=0
[
n
k
]
q
Bk,qBn−k,q
2-iterated q-Bernoulli numbers (2IqBN)
II. E
[2]
n,q := E
[2]
n,q(0) E
[2]
n,q =
n∑
k=0
[
n
k
]
q
Ek,qEn−k,q
2-iterated q-Euler numbers (2IqEN)
III. G
[2]
n,q := G
[2]
n,q(0) G
[2]
n,q =
n∑
k=0
[
n
k
]
q
Gk,qGn−k,q
2-iterated q-Genocchi numbers (2IqGN)
Further, the numbers corresponding to the mixed type q-special polynomials given in Table
3 are explored. Taking x = 0 in series definitions of the qBEP BEn,q(x), qBGP BGn,q(x) and
qEGP EGn,q(x) (Table 3 (I-III)) and in view of notations given in Table 1, the q-Bernoulli-Euler,
q-Bernoulli-Genocchi and q-Euler-Genocchi numbers are obtained. These numbers are given in
Table 5.
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Table 5. Mixed type q-numbers
S.No. Notation and name of the mixed type q-numbers Series definition
I. BEn,q := BEn,q(0) BEn,q =
n∑
k=0
[
n
k
]
q
Ek,qBn−k,q
q-Bernoulli-Euler numbers (qBEN)
II. BGn,q := BGn,q(0) BGn,q =
n∑
k=0
[
n
k
]
q
Gk,qBn−k,q
q-Bernoulli-Genocchi numbers (qBGN)
III. EGn,q := EGn,q(0) EGn,q =
n∑
k=0
[
n
k
]
q
Gk,qEn−k,q
q-Euler-Genocchi numbers (qEGN)
Note. From Remark 2.4 and Table 5, it follows that
BEn,q ≡ EBn,q := EBn,q(0); BGn,q ≡ GBn,q := GBn,q(0); EGn,q ≡ GEn,q := GEn,q(0), (2.13)
where EBn,q, GBn,q and GEn,q are the q-Euler-Bernoulli numbers (qEBN), q-Genocchi-Bernoulli
numbers (qGBN) and q-Genocchi-Euler numbers (qGEN), respectively.
In the next section, the determinant forms for the 2-iterated q-Appell polynomials and
mixed type q-special polynomials are established.
3 Determinant approach
Keleshteri and Mahmudov [6] studied the q-Appell polynomials from determinant point of view.
The determinant forms of the special polynomials are important for the computational and
applied purposes. This fact provides motivation to establish the determinant definitions of the
q-special polynomials introduced in previous section. In order to define the 2IqAP A
[2]
n,q(x) by
means of determinant, the following result is proved:
Theorem 3.1 The following determinant form for the 2-iterated q-Appell polynomials A
[2]
n,q(x)
of degree n holds true:
A
[2]
0,q(x) =
1
β0,q
,
A
[2]
n,q(x) =
(−1)n
(β0,q)
n+1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 AII1,q(x) A
II
2,q(x) · · · A
II
n−1,q(x) A
II
n,q(x)
β0,q β1,q β2,q · · · βn−1,q βn,q
0 β0,q
[2
1
]
q
β1,q · · ·
[n−1
1
]
q
βn−2,q
[n
1
]
q
βn−1,q
0 0 β0,q · · ·
[n−1
2
]
q
βn−3,q
[n
2
]
q
βn−2,q
. . . · · · . .
. . . · · · . .
0 0 0 · · · β0,q
[ n
n−1
]
q
β1,q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(3.1)
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where n = 1, 2, . . . and AIIn,q(x) (n = 0, 1, 2, . . .) are the q-Appell polynomials of degree n; β0,q 6= 0
and
β0,q =
1
AI0,q
,
βn,q = −
1
AI0,q
( n∑
k=1
[n
k
]
q
AIk,q βn−k,q
)
, n = 1, 2, . . . .
(3.2)
Proof Let A
[2]
n,q(x) be a sequence of the 2IqAP defined by equation (2.5) and AIn,q, βn,q, be two
numerical sequences (the coefficients of q-Taylor’s series expansions of functions) such that
AIq(t) = A
I
0,q +
t
[1]q!
AI1,q +
t2
[2]q!
AI2,q + · · ·+
tn
[n]q!
AIn,q + · · · , n = 0, 1, . . . ; A
I
0,q 6= 0, (3.3)
AˆIq(t) = β0,q +
t
[1]q!
β1,q +
t2
[2]q!
β2,q + · · ·+
tn
[n]q!
βn,q + · · · , n = 0, 1, . . . ; β0,q 6= 0, (3.4)
satisfying
AIq(t)Aˆ
I
q(t) = 1. (3.5)
Then, according to the Cauchy-product rule, it follows that
AIq(t)Aˆ
I
q(t) =
∞∑
n=0
n∑
k=0
[
n
k
]
q
AIk,q βn−k,q
tn
[n]q!
,
which gives
n∑
k=0
[
n
k
]
q
AIk,q βn−k,q =
{
1, if n = 0,
0, if n > 0.
(3.6)
Consequently, the following holds:

β0,q =
1
AI0,q
,
βn,q = −
1
AI0,q
( n∑
k=1
[n
k
]
q
AIk,q βn−k,q
)
, n = 1, 2, . . . .
(3.7)
Multiplication of equation (2.5) by AˆIq(t) gives
AIq(t)Aˆ
I
q(t)A
II
q (t)eq(xt) = Aˆ
I
q(t)
∞∑
n=0
A[2]n,q(x)
tn
n!
,
which in view of equations (3.4), (3.5) and (2.3) gives
∞∑
n=0
AIIn,q(x)
tn
[n]q!
=
∞∑
n=0
A[2]n,q(x)
tn
[n]q!
∞∑
k=0
βk,q
tk
[k]q!
. (3.8)
Again, multiplication of the series on the r.h.s. of equation (3.8) according to Cauchy-
product rule leads to the following system of infinite equations in the unknowns A
[2]
n,q(x) (n =
0, 1, . . .):
9


A
[2]
0,q(x)β0,q = 1,
A
[2]
0,q(x)β1,q +A
[2]
1,q(x)β0,q = A
II
1,q(x),
A
[2]
0,q(x)β2,q +
[2
1
]
q
A
[2]
1,q(x)β1,q +A
[2]
2,q(x)β0,q = A
II
2,q(x),
...
A
[2]
0,q(x)βn−1,q +
[n−1
1
]
q
A
[2]
1,q(x)βn−2,q + · · · +A
[2]
n,q(x)β0,q = A
II
n−1,q(x),
A
[2]
0,q(x)βn,q +
[n
1
]
q
A
[2]
1,q(x)βn−1,q + · · ·+A
[2]
n,q(x)β0,q = A
II
n,q(x),
...
(3.9)
First equation of system (3.9), proves the first part of assertion (3.1). Also, the special form
of system (3.9) (lower triangular) allows to work out the unknowns A
[2]
n,q(x). Operating with the
first n+ 1 equations simply by applying the Cramer’s rule, it follows that
A
[2]
n,q(x) =
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
β0,q 0 0 · · · 0 1
β1,q β0,q 0 · · · 0 A
II
1,q(x)
β2,q
[2
1
]
q
β1,q β0,q · · · 0 A
II
2,q(x)
. . . · · · . .
βn−1,q
[n−1
1
]
q
βn−2,q
[n−1
2
]
q
βn−3,q · · · β0,q A
II
n−1,q(x)
βn,q
[n
1
]
q
βn−1,q
[n
2
]
q
βn−2,q · · ·
[ n
n−1
]
q
β1,q A
II
n,q(x)
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
β0,q 0 0 · · · 0 0
β1,q β0,q 0 · · · 0 0
β2,q
[2
1
]
q
β1,q β0,q · · · 0 0
. . . · · · . .
βn−1,q
[n−1
1
]
q
βn−2,q
[n−1
2
]
q
βn−3,q · · · β0,q 0
βn,q
[
n
1
]
q
βn−1,q
[
n
2
]
q
βn−2,q · · ·
[
n
n−1
]
q
β1,q β0,q
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
, (3.10)
where, n = 1, 2, . . . .
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Now, taking the transpose of the determinant in the numerator and expanding the deter-
minant in the denominator, so that
A
[2]
n,q(x) =
1
(β0,q)n+1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
β0,q β1,q β2,q · · · βn−1,q βn,q
0 β0,q
[2
1
]
q
β1,q · · ·
[n−1
1
]
q
βn−2,q
[n
1
]
q
βn−1,q
0 0 β0,q · · ·
[n−1
2
]
q
βn−3,q
[n
2
]
q
βn−2,q
. . . · · · . .
0 0 0 · · · β0,q
[ n
n−1
]
q
β1,q
1 AII1,q(x) A
II
2,q(x) · · · A
II
n−1,q(x) A
II
n,q(x)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (3.11)
which after n circular row exchanges, that is after moving the ith row to the (i + 1)th position
for i = 1, 2, . . . , n− 1, yields second part of assertion (3.1).
Remark 3.1. Since the polynomials Bn,q(x), En,q(x) and Gn,q(x) are particular members of
the q-Appell family An,q(x). Therefore, the determinant forms of Bn,q(x), En,q(x) and Gn,q(x)
can be obtained by giving suitable values to the coefficients β0,q and βi,q (i = 1, 2, · · · , n) in the
definition of An,q(x).
Taking β0,q = 1, βi,q =
1
[i+1]q
(i = 1, 2, · · · , n) in the determinant definition of the q-Appell
polynomials An,q(x) [6, p.12(19)], the following determinant definition of the q-Bernoulli
polynomials Bn,q(x) is obtained:
Definition 3.1. The q-Bernoulli polynomials Bn,q(x) of degree n are defined by
B0,q(x) = 1,
Bn,q(x) = (−1)
n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 x x2 · · · xn−1 xn
1 1[2]q
1
[3]q
· · · 1[n]q
1
[n+1]q
0 1
[
2
1
]
q
1
[2]q
· · ·
[
n−1
1
]
q
1
[n−1]q
[
n
1
]
q
1
[n]q
0 0 1 · · ·
[n−1
2
]
q
1
[n−2]q
[n
2
]
q
1
[n−1]q
. . . · · · . .
. . . · · · . .
0 0 0 · · · 1
[
n
n−1
]
q
1
[2]q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, n = 1, 2, · · · .
(3.12)
The particular case of definition (3.12), for n = 4 is considered in [15, p.250].
Next, taking β0,q = 1, βi,q =
1
2 (i = 1, 2, · · · , n) in the determinant definition of the
q-Appell polynomials An,q(x) [6, p.12(19)], the following determinant definition of the q-Euler
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polynomials En,q(x) is obtained:
Definition 3.2.The q-Euler polynomials En,q(x) of degree n are defined by
E0,q(x) = 1,
En,q(x) = (−1)
n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 x x2 · · · xn−1 xn
1 12
1
2 · · ·
1
2
1
2
0 1 12
[2
1
]
q
· · · 12
[n−1
1
]
q
1
2
[n
1
]
q
0 0 1 · · · 12
[n−1
2
]
q
1
2
[n
2
]
q
. . . · · · . .
. . . · · · . .
0 0 0 · · · 1 12
[ n
n−1
]
q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, n = 1, 2, · · · .
(3.13)
Further, taking β0,q = 1, βi,q =
1
2[i+1]q
(i = 1, 2, · · · , n) in the determinant definition
of the q-Appell polynomials An,q(x) [6, p.12(19)], the following determinant definition of the
q-Genocchi polynomials Gn,q(x) is obtained:
Definition 3.3. The q-Genocchi polynomials Gn,q(x) of degree n are defined by
G0,q(x) = 1,
Gn,q(x) = (−1)
n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 x x2 · · · xn−1 xn
1 12[2]q
1
2[3]q
· · · 12[n]q
1
2[n+1]q
0 1
[2
1
]
q
1
2[2]q
· · ·
[n−1
1
]
q
1
2[n−1]q
[n
1
]
q
1
2[n]q
0 0 1 · · ·
[n−1
2
]
q
1
2[n−2]q
[n
2
]
q
1
2[n−1]q
. . . · · · . .
. . . · · · . .
0 0 0 · · · 1
[ n
n−1
]
q
1
2[2]q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, n = 1, 2, · · · .
(3.14)
Remark 3.2. Taking suitable values of the coefficients β0,q and βi,q (i = 1, 2, · · · , n) in the
determinant definition of the 2IqAP family, the determinant definitions for the 2-iterated q-
members belonging to this family and certain mixed type q-special polynomials can be obtained.
First, the determinant definitions for the members of the 2IqAP given in Table 2 are
obtained. Taking β0,q = 1, βi,q =
1
[i+1]q
(i = 1, 2, · · · , n) and AIIn,q(x) = Bn,q(x) in equation
(3.1), the following determinant definition of the 2IqBP B
[2]
n,q(x) is obtained:
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Definition 3.4. The 2-iterated q-Bernoulli polynomials B
[2]
n,q(x) of degree n are defined by
B
[2]
0,q(x) = 1,
B
[2]
n,q(x) = (−1)n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 B1,q(x) B2,q(x) · · · Bn−1,q(x) Bn,q(x)
1 1[2]q
1
[3]q
· · · 1[n]q
1
[n+1]q
0 1
[2
1
]
q
1
[2]q
· · ·
[n−1
1
]
q
1
[n−1]q
[n
1
]
q
1
[n]q
0 0 1 · · ·
[
n−1
2
]
q
1
[n−2]q
[
n
2
]
q
1
[n−1]q
. . . · · · . .
. . . · · · . .
0 0 0 · · · 1
[ n
n−1
]
q
1
[2]q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, n = 1, 2, · · · ,
(3.15)
where Bn,q(x) (n = 0, 1, 2, . . .) are the q-Bernoulli polynomials of degree n.
Taking β0,q = 1, βi,q =
1
2 (i = 1, 2, · · · , n) and A
II
n,q(x) = En,q(x) in equation (3.1), the
following determinant definition of the 2IqEP E
[2]
n,q(x) is obtained:
Definition 3.5. The 2-iterated q-Euler polynomials E
[2]
n,q(x) of degree n are defined by
E
[2]
0,q(x) = 1,
E
[2]
n,q(x) = (−1)
n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 E1,q(x) E2,q(x) · · · En−1,q(x) En,q(x)
1 12
1
2 · · ·
1
2
1
2
0 1 12
[2
1
]
q
· · · 12
[n−1
1
]
q
1
2
[n
1
]
q
0 0 1 · · · 12
[n−1
2
]
q
1
2
[n
2
]
q
. . . · · · . .
. . . · · · . .
0 0 0 · · · 1 12
[ n
n−1
]
q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, n = 1, 2, · · · ,
(3.16)
where En,q(x) (n = 0, 1, 2, . . .) are the q-Euler polynomials of degree n.
Taking β0,q = 1, βi,q =
1
2[i+1]q
(i = 1, 2, · · · , n) and AIIn,q(x) = Gn,q(x) in equation (3.1),
the following determinant definition of the 2IqGP G
[2]
n,q(x) is obtained:
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Definition 3.6. The 2-iterated q-Genocchi polynomials G
[2]
n,q(x) of degree n are defined by
G
[2]
0,q(x) = 1,
G
[2]
n,q(x) = (−1)n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 G1,q(x) G2,q(x) · · · Gn−1,q(x) Gn,q(x)
1 12[2]q
1
2[3]q
· · · 12[n]q
1
2[n+1]q
0 1
[2
1
]
q
1
2[2]q
· · ·
[n−1
1
]
q
1
2[n−1]q
[n
1
]
q
1
2[n]q
0 0 1 · · ·
[
n−1
2
]
q
1
2[n−2]q
[
n
2
]
q
1
2[n−1]q
. . . · · · . .
. . . · · · . .
0 0 0 · · · 1
[ n
n−1
]
q
1
2[2]q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, n = 1, 2, · · · ,
(3.17)
where Gn,q(x) (n = 0, 1, 2, . . .) are the q-Genocchi polynomials of degree n.
Next, the determinant definitions for the mixed type q-special polynomials given in Table
3 are obtained.
Taking β0,q = 1, βi,q =
1
2 (i = 1, 2, · · · , n) and A
II
n,q(x) = Bn,q(x) in equation (3.1), the
following determinant definition of the qBEP BEn,q(x) is obtained:
Definition 3.7. The q-Bernoulli-Euler polynomials BEn,q(x) of degree n are defined by
BE0,q(x) = 1,
BEn,q(x) = (−1)
n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 B1,q(x) B2,q(x) · · · Bn−1,q(x) Bn,q(x)
1 12
1
2 · · ·
1
2
1
2
0 1 12
[2
1
]
q
· · · 12
[n−1
1
]
q
1
2
[n
1
]
q
0 0 1 · · · 12
[n−1
2
]
q
1
2
[n
2
]
q
. . . · · · . .
. . . · · · . .
0 0 0 · · · 1 12
[ n
n−1
]
q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, n = 1, 2, · · · ,
(3.18)
where Bn,q(x) (n = 0, 1, 2, . . .) are the q-Bernoulli polynomials of degree n.
Taking β0,q = 1, βi,q =
1
2[i+1]q
(i = 1, 2, · · · , n) and AIIn,q(x) = Bn,q(x) in equation (3.1), the
following determinant definition of the qBGP BGn,q(x) is obtained:
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Definition 3.8. The q-Bernoulli-Genocchi polynomials BGn,q(x) of degree n are defined by
BG0,q(x) = 1,
BGn,q(x) = (−1)
n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 B1,q(x) B2,q(x) · · · Bn−1,q(x) Bn,q(x)
1 12[2]q
1
2[3]q
· · · 12[n]q
1
2[n+1]q
0 1
[2
1
]
q
1
2[2]q
· · ·
[n−1
1
]
q
1
2[n−1]q
[n
1
]
q
1
2[n]q
0 0 1 · · ·
[n−1
2
]
q
1
2[n−2]q
[n
2
]
q
1
2[n−1]q
. . . · · · . .
. . . · · · . .
0 0 0 · · · 1
[ n
n−1
]
q
1
2[2]q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, n = 1, 2, · · · ,
(3.19)
where Bn,q(x) (n = 0, 1, 2, . . .) are the q-Bernoulli polynomials of degree n.
Taking β0,q = 1, βi,q =
1
2[i+1]q
(i = 1, 2, · · · , n) and AIIn,q(x) = En,q(x) in equation (3.1), the
following determinant definition of the qEGP EGn,q(x) is obtained:
Definition 3.9. The q-Euler-Genocchi polynomials EGn,q(x) of degree n are defined by
EG0,q(x) = 1,
EGn,q(x) = (−1)
n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 E1,q(x) E2,q(x) · · · En−1,q(x) En,q(x)
1 12[2]q
1
2[3]q
· · · 12[n]q
1
2[n+1]q
0 1
[2
1
]
q
1
2[2]q
· · ·
[n−1
1
]
q
1
2[n−1]q
[n
1
]
q
1
2[n]q
0 0 1 · · ·
[
n−1
2
]
q
1
2[n−2]q
[
n
2
]
q
1
2[n−1]q
. . . · · · . .
. . . · · · . .
0 0 0 · · · 1
[ n
n−1
]
q
1
2[2]q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, n = 1, 2, · · · ,
(3.20)
where En,q(x) (n = 0, 1, 2, . . .) are the q-Euler polynomials of degree n.
Remark 3.3. Taking x = 0 in determinant definitions (3.12)-(3.14) of Bn,q(x), En,q(x) and
Gn,q(x) and on expanding the determinants with respect to first row and using suitable nota-
tions from Table 1 (I-III), the determinant definitions of the Bn,q, En,q and Gn,q can be obtained.
Remark 3.4. Taking x = 0 in determinant definitions (3.15)-(3.20) of B
[2]
n,q(x), E
[2]
n,q(x) and
G
[2]
n,q(x), BEn,q(x), BGn,q(x) and EGn,q(x) and then using suitable notations from Tables 4 and
5 (I-III), the determinant definitions of the B
[2]
n,q, E
[2]
n,q, G
[2]
n,q, BEn,q(x), BGn,q and EGn,q can be
obtained.
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To give the applications of the operational correspondence introduced in Section 2, the
following identities for the q-Appell polynomials are considered [6].
An,q(x) =
1
β0,q
(
xn −
n−1∑
k=0
[n
k
]
q
βn−k,q Ak,q(x)
)
, n = 1, 2, · · · ,
xn =
n∑
k=0
[
n
k
]
q
βn−k,q Ak,q(x), n = 1, 2, · · · .
(3.21)
Replacing the powers of x, i.e. x1 and xn by the corresponding polynomials A1,q(x) and
An,q(x) in above equations and then using operational representation (2.7) in the resultant
equations, the following identities for the 2IqAP A
[2]
n,q(x) are obtained:
A
[2]
n,q(x) =
1
β0,q
(
An,q(x)−
n−1∑
k=0
[n
k
]
q
βn−k,q A
[2]
k,q(x)
)
, n = 1, 2, · · · ,
An,q(x) =
n∑
k=0
[n
k
]
q
βn−k,q A
[2]
k,q(x), n = 1, 2, · · · .
(3.22)
The above examples illustrate that the operational correspondence established in this
article can be applied to derive the results for the newly introduced q-special polynomials given
in Tables 2 and 3 from the results of the corresponding member belonging to the q-Appell family.
In the next section, the shapes of the 2IqBP B
[2]
n,q(x), 2IqEP E
[2]
n,q(x), 2IqGP G
[2]
n,q(x), qBEP
BEn,q(x), qBGP BGn,q(x) and qEGP EGn,q(x) are displayed. The zeros of these polynomials
are also computed by using Matlab.
4 Graphical representation and roots
There has been increasing interest in solving mathematical problems with the aid of computers.
Numerical investigation of the roots of certain q-polynomials are considered in [12]. Also, the
shapes of a new class of q-Bernoulli polynomials are explored in [11]. Here, the plots of the
2IqBP B
[2]
n,q(x), 2IqEP E
[2]
n,q(x), 2IqGP G
[2]
n,q(x), qBEP BEn,q(x), qBGP BGn,q(x) and qEGP
EGn,q(x) are drawn for n = 1, 2, 3, 4 and q =
1
2 (0 < q < 1).
This shows the four plots combined into one for each of these polynomials. For this, the
values of the first five Bn,q, En,q and Gn,q are required. The values of first five Bn,q, En,q and
Gn,q [5, 7] are listed in Table 6.
Table 6. Values of first five Bn,q, En,q and Gn,q
n 0 1 2 3 4
Bn,q 1 −(1 + q)
−1 q2([3]q!)
−1 (1 − q)q3([2]q)
−1([4]q)
−1 q4(1 − q2 − 2q3 − q4 + q6)([2]2q[3]q [5]q)
−1
En,q 1 −
1
2
1
4
(−1 + q) 1
8
(−1 + 2q + 2q2 − q3) 1
16
(q − 1)[3]q !(q
2
− 4q + 1)
Gn,q 1
q
1+q
−(q3+3q2+4q+3)
(1+q)(1+q+q2 )
1
(1+q)2
(2q3 + q2) 1
1+q2
( 2q
3+q2
(1+q)2
+ q
3+3q2+4q+3
(1+q)(1+q+q2)
) − q
q+1
−
1
[5]q
− 1
16
The expressions of the first five Bn,q(x), En,q(x) and Gn,q(x) are obtained by making use
of the values of the first five Bn,q, En,q and Gn,q in the series definitions given in Table 1 (I-III).
The expressions of first five Bn,q(x), En,q(x) and Gn,q(x) are listed in Table 7.
Table 7. Expressions of first five Bn,q(x), En,q(x) and Gn,q(x)
n 0 1 2 3 4
Bn,q(x) 1 x−
1
1+q
x2 −
[2]q
1+q
x + q
2
[3]q [2]q
x3 −
[3]qx
2
1+q
+ q
2x
[2]q
+
(1−q)q3
[2]q[4]q
x4 −
[4]q
1+q
x3 +
[4]qq
2
[2]2q
x2 +
(1−q)q3
[2]q
x
+q4(1 − q2 − 2q3 − q4 + q6)([2]2q [3]q[5]q)
−1
En,q(x) 1 x−
1
2
x2 −
[2]q
2
x + 1
4
(−1 + q) x3 −
[3]q
2
x2 +
[3]q
4
(−1 + q)x x4 −
[4]q
2
x3 +
[4]q [3]q(q−1)
4[2]q
x2+
+ 1
8
(−1 + 2q + 2q2 − q3)
[4]q(−1+2q+2q
2
−q3)
8
x +
(q−1)[3]q !(q
2
−4q+1)
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Gn,q(x) 1 x +
q
1+q
x2 + qx−
(q3+3q2+4q+3)
(1+q)(1+q+q2 )
x3 +
[3]qq
(1+q)
x2 −
(q3+3q2+4q+3)
(1+q)
x x4 +
[4]qq
q+1
x3 −
[4]−q[3]q(q
3+3q2+4q+3)
[2]q(1+q)(1+q+q2 )
x2
+
(2q3+q2)
(1+q)
[4]q(2q
3+q4)
(1+q)2
x + 1
1+q2
( 2q
3+q2
(1+q)2
+ q
3+3q2+4q+3
(1+q)(1+q+q2 )
)
−
q
q+1
−
1
[5]q
− 1
By making appropriate substitutions from Tables 6 and 7 in the series definitions given in
Tables 2 and 3 (I-III), the expressions of the first five 2IqBP B
[2]
n,q(x), 2IqEP E
[2]
n,q(x), 2IqGP
G
[2]
n,q(x), qBEP BEn,q(x), qBGP BGn,q(x) and qEGP EGn,q(x) for q =
1
2 are obtained. These
expressions are given in Table 8.
Table 8. Expressions of first five B
[2]
n,1/2(x), E
[2]
n,1/2(x), G
[2]
n,1/2(x), BEn,1/2(x), BGn,1/2(x)
and EGn,1/2(x)
n 0 1 2 3 4
B
[2]
n,1/2
(x) 1 x− 4
3
x2 − 2x + 6
7
x3 − 7
3
x2 + 3
2
x− 8
45
x4 − 5
2
x3 + 45
24
x2 − 8
24
x− 221
7812
E
[2]
n,1/2
(x) 1 x− 1 x2 − 3
2
x− 1
16
x3 − 7
4
x2 + 7
32
x + 5
16
x4 − 15
8
x3 + 35
128
x2 + 125
1024
x + 71
1024
G
[2]
n,1/2
(x) 1 x + 2
3
x2 + x− 181
42
x3 + 7
6
x2 − 181
24
x− 37
18
x4 + 5
4
x3 − 905
96
x2 − 585
144
x + 358499
31248
BEn,1/2(x) 1 x−
7
6
x2 − 3
2
x + 51
168
x3 − 49
24
x2 + 79
96
x + 379
2880
x4 − 35
16
x3 − 445
384
x2 − 461
1536
x− 402305
9999360
BGn,1/2(x) 1 x−
1
3
x2 − 1
2
x− 52
21
x3 − 7
12
x2 − 5
12
x + 21
70
x4 − 15
24
x3 − 5460
1008
x2 + 5502
1008
x− 22203615
27888840
EGn,1/2(x) 1 x−
1
6
x2 − 1
4
x− 439
168
x3 − 7
24
x2 − 439
96
x + 1187
576
x4 − 5
16
x3 − 595
384
x2 + 3553
32256
x + 1226437
19999872
With the help of Matlab and by using the expressions for the first five B
[2]
n,1/2(x), E
[2]
n,1/2(x),
G
[2]
n,1/2(x), BEn,1/2(x), BGn,1/2(x) and EGn,1/2(x) from Table 8 for n = 1, 2, 3, 4, the following
graphs are drawn:
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Next, we find the real and complex zeros of the polynomials given in Table 8. The
computation of these zeros by hand is too complicated, therefore, we use Matlab to investigate
these zeros. The investigation in this direction will lead to a new approach employing nu-
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merical methods in the field of these q-special polynomials to appear in mathematics and physics.
The real zeros of B
[2]
n,1/2(x), E
[2]
n,1/2(x), G
[2]
n,1/2(x), BEn,1/2(x), BGn,1/2(x) and EGn,1/2(x)
are computed by using Matlab. These zeros are given in Table 9.
Table 9. Real zeros of B
[2]
n,1/2(x), E
[2]
n,1/2(x), G
[2]
n,1/2(x), BEn,1/2(x), BGn,1/2(x) and EGn,1/2(x)
Degree n B
[2]
n,1/2
(x) E
[2]
n,1/2
(x) G
[2]
n,1/2
(x) BEn,1/2(x) BGn,1/2(x) EGn,1/2(x)
1 1.3333 1.0000 −0.6667 1.1667 0.3333 0.1667
2 0.6220, 1.3780 −0.0406, 1.5406 −2.6353, 1.6353 0.2411, 1.2589 −1.3433, 1.8433 −1.4963, 1.7463
3 0.1522, 0.9446, −3.2768, −0.2642, −3.2768, −0.2642, −0.1213, 0.7910, −0.6795 −2.2055, 0.4583,
1.2365 2.3743 2.3743 1.3719 2.0388
4 −0.0617, 0.3823 0.5479, 1.6488 −3.3847, −1.3512, −0.2476, 2.6664 −2.4871, 0.1776, −1.1179, −0.1703,
1.0514, 2.4705 0.8751, 2.0594 0.2360, 1.3647
Again, with the help of Matlab, we find the complex zeros of these polynomials. These
complex zeros are given in Table 10.
Table 10. Complex zeros of B
[2]
n,1/2(x), E
[2]
n,1/2(x), G
[2]
n,1/2(x), BEn,1/2(x), BGn,1/2(x) and
EGn,1/2(x)
Degree n B
[2]
n,1/2
(x) E
[2]
n,1/2
(x) G
[2]
n,1/2
(x) BEn,1/2(x) BGn,1/2(x) EGn,1/2(x)
1 − − − − − −
2 − − − − − −
3 − − − − -0.6314 + 0.2068i, −
0.6314 − 0.2068i
4 1.0897 + 0.1112i, −0.1609 + 0.225i, − −0.1157 + 0.2181i, − −
1.0897 − 0.1112i −0.1609 − 0.225i −0.1157 − 0.2181i
Further, we plot the zeros of the polynomials B
[2]
n,1/2(x), E
[2]
n,1/2(x), G
[2]
n,1/2(x), BEn,1/2(x),
BGn,1/2(x) and EGn,1/2(x) for n = 1, 2, 3, 4.
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Remark 4.1. From Tables 9 and 10, the following general relation is observed. The number of
real zeros lying on the real plane Im (x) = 0, i.e.,
Real zeros of A[2]n,q(x) = n− Complex zeros of A
[2]
n,q(x),
where n is the degree of polynomial.
In order to make the above discussion more clear, we draw the combined graphs of
shapes and zeros of the polynomials B
[2]
n,1/2(x), E
[2]
n,1/2(x), G
[2]
n,1/2(x), BEn,1/2(x), BGn,1/2(x) and
EGn,1/2(x) for n = 4.
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It is to be noted that in Figures 4.13, 4.14 and 4.16 out of total two complex zeros only
one, with positive imaginary part is visible, due to the absence of negative imaginary axis in
these graphs.
The numerical results for approximate solutions of real zeros of B
[2]
n,1/2(x), E
[2]
n,1/2(x),
G
[2]
n,1/2(x), BEn,1/2(x), BGn,1/2(x) and EGn,1/2(x) for (n = 1, 2, 3, 4) are displayed in Table 9.
Also, we note that the real zeros of these polynomials displayed in Table 9 are giving the
numerical results for the approximate solutions of B
[2]
n,1/2(x) = 0, E
[2]
n,1/2(x) = 0, G
[2]
n,1/2(x) = 0,
BEn,1/2(x) = 0, BGn,1/2(x) = 0 and EGn,1/2(x) = 0 for n = 1, 2, 3, 4.
Note. It is important to note that the 2-iterated q-Appell polynomials introduced in this article
are actually the q-Appell polynomials, since their generating function is of the type A⋆q(t)eq(xt),
with a suitable choice for A⋆q(t). The results established in this article for the 2-iterated and
mixed type q-special polynomials can be used to solve the existing as well as new emerging
problems of certain branches of mathematics, physics and engineering.
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